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Figure 2. A graph showing the relationship between 𝜶1, the mass profile 
parameter for the host galaxy cluster, and the masses of several of the 
galaxies which make up the host cluster. All data shown in this figure was 
collected from a simulated galaxy cluster designed to mimic the mass 
distribution of galaxy cluster MACSJ1206.
Figure 1. A graph showing the relationship between 𝜶1, the mass profile 
parameter for the host galaxy cluster, and the mass of certain galaxies in 
galaxy cluster MACSJ1206 as well as a galaxy which was responsible for 
lensing the Refsdal Supernova. All data shown in this figure was collected 
from observations.
Image 1: An example of 
gravitational lensing warping 
the image of a distant galaxy 
into an Einstein Ring
Image 2: Galaxy Cluster 
MACSJ1206 exhibiting several 





In 2019, an inconsistency between 
our observations and our simulations 
was discovered and published in [1]. 
We were finding that there were 
more cases of strong lensing 
appearing around galaxy cluster 
substructure than was predicted in 
simulations. This project is born as 
an effort to provide reasoning for 
this unexplained discrepancy.
We begin by looking for cases of 
gravitational lensing which include a 
galaxy cluster potential as well as a 
single galaxy potential which is 
contained within the cluster. By 
looking at the resultant Lens 
Equation and specifying the cases, 
we find an analytical expression for 
the behavior of resulting images.
We next apply this expression to 
both observed and simulated data to 
look for the best set of parameters to 
minimize the amount of mass that 
the single galaxy needs to have the 
strongest lensing effect.
Finally, we propose an explanation 
for why, as shown in [1], galaxy 
cluster substructure has more 
lensing strength in observations than 
in simulations. We believe that 
shallower cluster mass profiles result 
in stronger lensing potentials for 
many of the singular galaxies which 
make up the cluster.
The very first assumption made in this project was that 
both the galaxies and galaxy clusters being modelled 
followed a circularly symmetric variant of an alphapot 
potential, taken from [4] and shown below. Here, 𝚿
represents the lensing potential, b the normalization 
constant proportional to the square root of the mass, s
the radius of the flat central density, 𝜽 the positions of 
the lensed images, and 𝜶 describes the power law 
exponent of the mass profile.
Ψ = 𝑏(𝑠! + 𝜃!)"/!
Defining the Lensing Strength, D, of an instance of 
gravitational lensing is done by determining the distance 
between the most distant images, 𝜃$ and 𝜃%. Here, 
subscripts of 1 denote parameters describing the galaxy 
cluster, and subscripts of 2 denote parameters describing 
the individual galaxy. Furthermore, R is the distance 
between the center of the cluster and the center of the 
lensing galaxy.
𝐷 ≡ 𝜃$ − 𝜃% =
2𝑏!
1 − 𝛼&𝑏&𝑅"!%!(𝛼& − 1)
Further avenues of research are available and being 
pursued.
One branch of research would be to analyze the 
consequences of assigning shallower mass profiles 
to these lensing galaxy clusters. If this were to be 
the case, it might suggest that in these clusters, the 
dark matter which holds them together appears 
much more often in the center of the clusters than 
we initially suspected. The possible implications 
that arise from this are worthy of investigation, as it 
could help us to better map the universe around us.
Currently, this project is being continued by looking 
at new sets of simulated data. We hope to find new 
methods which can be used to measure the 
parameters defining the galaxies and host clusters. 
One of the most promising methods may be found 
through comparing results with the Mass Function
of the galaxies which make up the clusters. We 
hope that this comparison will reveal a specific 
value of 𝜶1 which could be used to measure the 
lensing potential, and from there, the masses of 
each lensing galaxy.
The first step on this project was to familiarize 
myself with the different variations of gravitational 
lensing. This was accomplished by reading through 
[2] and [3], which covered the mathematics and 
formalisms used on the topic.
Using this knowledge, we continued by trying to 
develop an expression for the lensing strength of 
galaxies which are a part of a galaxy cluster. By 
specifying the parameters of our expression, we 
found an analytical solution for a specialized, one-
dimensional case.
By rearranging this equation to solve for the mass 
of the lensing galaxy, we were ready to test it on a 
more general set of cases found in both observed 
and simulated data. The result of this can be seen in 
Figure 1 and Figure 2.
The visualization of the masses of these observed 
and simulated galaxies showed a clear trend of 
smaller mass galaxies having more lensing strength 
when inside clusters with shallower mass profiles. 
We then suggest this as a reason why [1] saw more 
strong lensing cases from small mass galaxies.
Gravitational Lensing is a natural phenomenon 
which allows gravity to curve the path along which 
light travels. This can result in distant objects 
appearing brighter, dimmer, or to have been 
multiplied when we observe them. We can describe 
these images using the Lens Equation, which uses 
an object’s source, 𝜷, and the beam of light’s 
deflection angle, 𝜶, to find the position of its 
images, 𝜽. The deflection angle itself is calculated 
using the lensing potentials of the nearby masses 
which affect the image seen. 
Lens Equation: ?⃗? = ?⃗? − 𝛽
In 2019, Meneghetti and many others published [1] 
after spending time with both observed and 
simulated data on gravitational lensing. They 
discovered a discrepancy that arose when looking 
at lensing caused by galaxy clusters. It appeared we 
see more cases of strong lensing around the 
singular galaxies which make up the clusters in 
observation than in simulation.
The purpose of this research project is to provide a 
reason why we are seeing this inconsistency 
between observation and simulation.
1. Massimo Meneghetti et al. “An excess of small-scale 
gravitational lenses observed in galaxy clusters”. In: Science
369.6509 (Sept. 2020), pp. 1347–1351. issn: 1095-
9203.doi:10.1126/science.aax5164. url: 
http://dx.doi.org/10.1126/science.aax5164. 
2. Ramesh Narayan and Matthias Bartelmann. “Lectures on 
GravitationalLensing”. In: arXiv e-prints, astro-ph/9606001 
(June 1996), astro–ph/9606001. arXiv: astro-ph/9606001 
[astro-ph]. url: https://arxiv.org/pdf/astro-ph/9606001.
3. Joachim Wambsganss. “Gravitational Lensing in Astronomy”. In: 
Living Reviews in Relativity 1.1 (Dec. 1998), p. 12. issn: 1433-
8351. doi: 10.12942/lrr-1998-12. url: 
https://doi.org/10.12942/lrr-1998-12.
4. Agniva Ghosh, Liliya L R Williams, and Jori Liesenborgs. “Free-
form gralelens inversion of galaxy clusters with up to 1000 
multiple images”. In:Monthly Notices of the Royal Astronomical 




University of Minnesota Twin Cities
Email: kekoalasko@gmail.com
Phone: (339) 221-1287
Image 3: An  image of the simulated data being 
worked on for the continuation of this project
